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The behaviour of conduction electrons plays a major role to govern the
properties of metallic solids [1, 2, 3, 4]. The electronic specific heat, the
spin paramagnetism, the electrical conductivity etc., are some examples of
these properties. Actually, in the solids, the density of electronic states plays
the key role. Theoretically, the electronic behaviours are studied by using
the density of states (for free electrons) in two and three dimensions. The
distributions of electrons in these states are made by using the Fermi-Dirac
function [5, 6, 7]. All these calculations are done (and available in stan-
dard literature) mainly in two and three dimensions, since the experimental
results are available in these dimensions. However, one may extend these
studies in generalised dimensions also just for pure pedagogical reason. For
example, the behaviours of free electrons in generalised dimensions [8]. As a
result, in infinite dimensions, interestingly, it was found that the fermi level
is populated by all electrons [8] without violating Pauli exclusion principle
! Another example is the temperature variation of Pauli spin susceptibility.
The general expression for this susceptibility was derived in d dimensions [9].
From this expression, it was found that the Pauli susceptibility becomes tem-
perature independent only in two dimensions [9]. All these studies, although
pedagogical, give very interesting results.
One may try to generalise the behaviour of electrical conductivity [10,
11] in generalised d dimensions. As far as the knowledge of this author is
concerned, this type of calculation is not available in standard literatures of
condensed matter physics. If we see the expression of electrical conductivity
(derived by Sommerfeld[12]) in three dimensions, the form is given as σ =
ne2τ
m
. Where τ is the relaxation time of the system. It is not yet known,
whether this form will remain invariant in any other dimensions.
In the present article, I have rederived the expression of electrical con-
ductivity at T = 0, in generalised d dimensions following Boltzmann kinetic
approach.
In the relaxation approximation, the Boltzmann equation takes the form[3]
(
∂f
∂t
)collision = −
f − f0
τ
(1)
again, in the presence of electric and magnetic field,
(
∂f
∂t
)collision = −e

 ~E + ~v × ~H
c

 · ∇pf + ~v · ∇rf. (2)
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For free electrons, the nonequilibrium distribution function f is function
of the electronic momenta only. In d dimensions, it may be represented as
f(p1, p2, p3, ...pd). It does not depend on the electronic position coordinates.
So, ∇rf = 0. In the absence of any magnetic field ~H = 0. If the electric field
is applied only along a particular direction (say direction 1), then
(
∂f
∂t
)collision = −eE1
∂f
∂p1
(3)
So, (from (1) and (3)), one may write,
f − f0
τ
= eE1
∂f
∂p1
≃ eE1
∂f0
∂p1
(4)
Here, it is assumed (relaxation or linear approximation) that the electronic
nonequilibrium distribution function f does not change too much from its
equilibrium distribution function f0. In generalised d dimensions, the total
energy (kinetic) of a single electron may be expressed as
ǫ = (p2
1
+ p2
2
+ p2
3
+ ..... + p2d)/2m (5)
It may be noted here, that this is an equation of d dimensional hypersphere
of radius R = (2mǫ)1/2.
The term ∂f0
∂p1
is equal to (∂f0
∂ǫ
) ( ∂ǫ
∂p1
). And ( ∂ǫ
∂p1
) = p1/m = v1. So,
f − f0
τ
= eE1v1
∂f0
∂ǫ
(6)
In d dimensions the current density may be written as
I1 = −
2e
hd
∫ ∫
...
∫
v1(f − f0)dp1dp2....dpd (7)
Using eqn (6) one may write,
I1 = −
2e2
hd
E1
∫ ∫
...
∫
v2
1
τ(ǫ)(
∂f0
∂ǫ
)dp1dp2....dpd. (8)
Assuming the relaxation time τ is function of electronic energy ǫ only. ddp =
dp1dp2....dpd is the elementary volume in d dimensional hypersphere (Ref.
[7], Appendix [c]). This is calculated and is given as
ddp = (
d
2
)
πd/2
Γ(d/2 + 1)
(2m)d/2ǫ
d−2
2 dǫ. (9)
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Considering the system to be isotropic i.e., v2
1
= v2/d = p
2
m2d
= 2mǫ
m2d
= 2ǫ
md
.
Now, the equation (8) takes the form
I1 = −
2e2
hd
E1(
d
2
)
πd/2
Γ(d/2 + 1)md
(2m)d/22
∫
ǫτ(ǫ)(
∂f0
∂ǫ
)ǫ
d−2
2 dǫ
=
2e2
hd
E1
πd/2
Γ(d/2 + 1)m
(2m)d/2ǫF
d/2τ(ǫF ) (10)
Here, in the last step, the relation ∂f0
∂ǫ
= −δ(ǫ− ǫf ) is used.
The number of electronic states in unit spatial volume and momentum
between ~p and ~p + ~dp is 2ddp/hd. The factor 2 comes due to the fact that
each momentum states has two fold spin degeneracy for the electrons.
2
hd
ddp = g(ǫ)dǫ
=
2
hd
(
d
2
)
πd/2
Γ(d/2 + 1)
(2m)d/2ǫ
d−2
2 dǫ (11)
where g(ǫ)dǫ is the number of electronic states between energy ǫ and
ǫ+ dǫ. The number of electrons per unit volume at T = 0 can be calculated
as
n =
∫
∞
0
g(ǫ)f0(ǫ)dǫ
=
∫ ǫF
0
g(ǫ)dǫ
=
2
hd
πd/2
Γ(d/2 + 1)
(2m)d/2(ǫF )
d/2. (12)
Where, in the last step the following form fermi function (T = 0) is used
f0(ǫ) = 1 for ǫ ≤ ǫF
= 0 for ǫ > ǫF.
Using eqn (12), the eqn (10) becomes
I1 = E1
ne2τ(ǫF )
m
(13)
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The electrical conductivity becomes
σ = I1/E1 =
ne2τ(ǫF )
m
(14)
The same result was obtained by Sommerfeld in three dimensions[12].
The same form of electrical conductivity is obtained here in the case of gen-
eralised d dimensions. So, the form of Sommerfeld electrical conductivity
remains invariant in generalised d dimensions.
In the concluding remarks, I would like to mention that unless one cal-
culate these electronic physical quantities in generalised d dimensions, some
subtle theoretical important informations would be missing. For example,
the temperature dependence of Pauli spin susceptibility was already known[3]
(in d = 3), but it’s temperature independence in two dimensions only, is the
new result[9]. This was possible to derive only due to the generalisation in
d dimensions. In this article, the invariant form of the Sommerfeld electri-
cal conductivity, was possible to derive only due to the generalisation in d
dimensions.
Since, these results are obtained in d dimensions, for d > 3, one cannot
compare the theoretical results with that obtained experimentally. In fact,
it is not really known, being embedded in three dimensional realistic space
how one can simulate the dimensionality of the electronic system, above
three. So, right now, these results cannot be compared with experimental
results. One thing may be mentioned here that, since the form of electrical
conductivity, remains invariant in any generalised dimensionality, the thin
wires (d = 1), thin films (d = 2) and bulk materials (d = 3) will show similar
forms of electrical conductivities. Only the measures of relaxation time will
be different. It may also be noted that, these calculations are valid only at
T=0. The derivative of Fermi function used here, is Dirac delta type. That
is another reason that this cannot be compared with experimental result.
Some diluted metal composites has fractional dimensionality near the
percolation threshold for electrical conduction. The results presented in this
paper will not be able to simulate those metal composites. The reason is
that the way of getting the fractal dimension is different from that for integer
dimension. Another point may be mentioned in this context that, the fractal
dimension of metal composites, is always less than three.
Acknowledgements: Author would like to thank N. Banerjee and P. Rudra
5
for important discussions.
References
1. N. F. Mott and H. Jones, Theory of properties of metals and alloys,
Oxford, NY, (1936) p-258
2. A. H. Wilson, The theory of metals, 2nd Ed., Cambridge, London, 1953,
pp-8, 264
3. A. J. Dekker, Solid State Physics, Macmillan Students Edition, Macmil-
lan India Limited, 1986 pp. 281-283
4. N. W. Ashcroft and N. D. Mermin, Solid State Physics, India ed.,
Thomson, Books/Cole, Singapore, 2006
5. K. Huang, Statistical Mechanics, Wiley, Hoboken , NJ, 1963.
6. D. V. Schroeder, An Introduction to Thermal Physics, Adison-Wesley
publishing company, San Fransisco, CA (1999).
7. R. K. Pathria, Statistical Mechanics, Elsevier, Oxford, 1996.
8. M. Acharyya, Noninteracting fermions in infinite dimensions, Eur. J.
Phys. 31 (2010) L89
9. M. Acharyya, Pauli spin paramagnetism and electronic specific heat in
generalised d dimensions, Commun. Theo. Phys., 55 (2011) 901
10. A. Sommerfeld and N. H. Frank, Rev. Mod. Phys., 3, (1931) 1
11. A. Sommerfeld and H. Bethe, Handbuch der Physik, 24/2, 1934
12. A. Sommerfeld, Z. Physik, 47 (1928) 1
6
